We apply a cluster model to an extensive set of heavy even-even nuclei in the rare-earth region and determine the optimal core-cluster decomposition of each nucleus from a least-squares fit to the energy spectrum of its ground-state band. Good fits are obtained using a mass-symmetric form of the core-cluster interaction. We find that the core-cluster charge products deduced from the fits and the corresponding B(E2) values are strongly correlated, in support of an underlying cluster picture of these nuclei.
I. INTRODUCTION
The existence of clustering (and in particular α clustering) in light nuclei is well established [1] . More recently a cluster model employing near-magic cores and a range of heavier clusters has given a good account of the spectra, electromagnetic properties, and exotic decay half-lives of a number of heavy even-even nuclei in the rare-earth and actinide regions [2, 3] . In particular, the value of B(E2; 2 + → 0 + ) correlates strongly with the cluster charge, and its steep increase with the square of this charge is a highly significant indicator of the applicability of a cluster picture.
It is of considerable interest to ask whether cluster models may be applied more widely to mid-shell nuclei. There is no obvious answer to the question of what to choose for core and cluster in such nuclei. Nevertheless, a systematic application of the procedures used near closed shells to analyze the ground-state band energies can easily be extended to mid-shell regions. By requiring a best fit (in the least-squares sense) of the energies of the low-lying states, this method can reliably indicate appropriate core-cluster combinations. In particular, the clusters selected in this way lead to a good description of the highly sensitive B(E2; 2 + → 0 + ) values in the corresponding mid-shell nuclei. Here we summarize the results of an extensive analysis of clustering in even-even nuclei in the mass range 140 A T 200.
II. CLUSTER MODEL
For the potential V (r, R) at core-cluster separation r we use V (r, R) = V N (r, R) + V C (r, R) +h 2 2µr 2 (L + 1/2) 2 (1) containing nuclear, Coulomb, and Langer-modified centrifugal terms. The nuclear potential, V N (r, R), is given the masssymmetric form [4] 
where A 1 , A 2 , and A T are the core, cluster, and total masses, respectively, and the function h is defined by
with f taking the combination of Saxon-Woods and cubed Saxon-Woods forms
In Eqs. (2)- (4) the parameter values are kept fixed throughout at their original default values [4] V 0 = 54.0 MeV, a = 0.73 fm, and x = 0.33.
The Coulomb potential V C (r, R) in Eq. (1) is taken to be that arising from a point cluster of charge Z 2 and a uniformly charged spherical core of charge Z 1 having the same radius R as the nuclear potential. The total charge is Z T = Z 1 + Z 2 .
III. CHOICE OF CLUSTERIZATION
Over the past ten years we have used three different methods to determine the optimum choice of clusterization.
We have considered maximal deviations of the sum of cluster and core binding energies from the smooth, liquid drop background-so-called D plots. In the rare-earth mass region of interest they prove ambiguous and inadequate. There is always a peak for α clusters, and then a "shoulder" with varying amounts of substructure that do not allow a clear identification of the light cluster charge. We choose a value in the critical range 2 Z 2 10 suggested by cluster model analyses of observed spectra and B(E2) values in this region.
The cluster charge can be strongly correlated with B(E2 : 2 + → 0 + ) for the transition between the ground and first excited states. This is a very good indicator of cluster charge because of its near quadratic dependence on Z 2 and the correlation can be exploited to select the light cluster. The drawback with this method is that it does not simultaneously generate a potential radius parameter necessary to calculate a spectrum in good agreement with experiment. This must be added on by an additional fitting (which then usually leads to a good description of the low-lying spectrum).
Here (and previously in [5] ) we prefer a method fitting the excitation energies of the low-lying states of the nucleus and also involving the potential radius R (as explained in the following). This produces an optimal choice of (Z 2 , A 2 ) as well as a radius appropriate to the spectrum. The value of B(E2 : 2 + → 0 + ) is then a prediction of the model (instead of an input) and its systematics are in good agreement with the data. This implies that starting from the B(E2 : 2 + → 0 + ) value would lead to the same clusterization.
We consider first a particular core-cluster decomposition of a given nucleus, corresponding to a cluster charge and mass (Z 2 , A 2 ). We set the global quantum number G at G = (2n + L) = 4A 2 [see discussion after Eq. (10)], with n the number of nodes in the radial wave function of the core-cluster relative motion, and L the corresponding orbital angular momentum. Applying the cluster model then generates a band of states with L π = 0 + , 2 + , . . . , G + with energies determined by the core-cluster interaction. The latter is completely specified by Eqs. (1)- (5) except for the value of the radius parameter R.
In previous cluster model calculations of proton [6] , α [7] , and exotic [8] decay we have found that it is critically important for the potential, Eq. (1), to have its ground state, with L = 0 and given n, at the exact experimental energy. This is a reflection of the extreme sensitivity of the tunneling integral to the position of the state with respect to the Coulomb barrier. Furthermore, we have found that the best way to achieve this energy match is by choosing the potential radius appropriately, while all other potential parameters are fixed. This is because the Bohr-Sommerfeld integral of Eq. (6) (see later) is more sensitive to R than to any other single parameter. Over the entire mass range of the periodic table this approach leads to a rough dependence of R on A 1/3 . However, within a given shell, R was found to vary much more slowly, but then to compensate this slow growth with a rapid change at the shell closure [9] . To maintain a unified approach, we adopt basically the same procedure here, and the weaker dependence of R on A within a shell is mirrored in the present work.
In our previous analyses the value of R was fixed so as to reproduce the energy of a single level of the band (usually the 0 + ground state). Here we take a more evenhanded approach and fix R by requiring a least-squares fit to the entire spectrum [5, 10] . Hence we substitute the experimental excitation energies E * L (exp) of the band into the Bohr-Sommerfeld quantization formula
where Q 0 is the Q value for the breakup of the parent nucleus ground state into core and cluster, and r 1 and r 2 are the innermost classical turning points. The quantity I GL , defined in Eq. (6), is strongly dependent on the choice of clusterization since almost all the terms present in that expression are dependent on the cluster mass A 2 , or equivalently the cluster charge Z 2 . The potential V (r, R) contains nuclear [see Eq. (2)] and Coulomb terms, both of which are directly proportional to A 2 (when the no-dipole constraint is taken into account; see the following). The value adopted for Q 0 depends on the clusterization and hence on the mass defects of the cluster and core. The reduced mass µ is given by
. The turning points r 1 and r 2 also depend on the clusterization and potential, and thus on A 2 . For a trial value of R, the left-hand side of Eq. (6) can be evaluated for each L, resulting in the quantities J L . The optimal value of R then minimizes the sum of squares
Using this optimal value of R, the theoretical excitation energies E * L (theor) can be found by a further application of the Bohr-Sommerfeld relation
The good one-parameter fits obtained to the energies of the J π = 0 + , 2 + , . . . 10 + states (together with the correlations with B(E2) values discussed later) strongly support the conclusion that there is evidence of clustering throughout the major shell under examination. It is likely that a number of minor physical effects have been subsumed in the optimal value of R, for example possible core and cluster deformations. We note, however, that any deformation of the parent nucleus itself can be explicitly calculated within the model [11] . We have found that this technique is useful in determining not only the optimal value of R for a particular core-cluster decomposition but also the optimal core-cluster decomposition itself [5, 10] . For each nucleus we thus select a range of even cluster masses A 2 = A 2 (min), A 2 (min) + 2, . . . , A 2 (max) and determine which one results in the deepest minimum of the fit parameter S of Eq. (7).
IV. NO-DIPOLE CONSTRAINT
In the light self-conjugate nuclei having N = Z it would be sufficient to consider the Q values of the various possible core-cluster combinations [12] . In the heavier nuclei, which have a neutron excess, there is an additional, and in our view more decisive, consideration. [14] . For a given nucleus our cluster model can get all the interband B(E1)'s right at the cost of one parameter [15] , but the obvious overall inference for a binary cluster model is that the charge/mass ratios are nearly the same for core and cluster. Therefore for each A 2 the effective cluster charge Z 2 is chosen so as to satisfy the no-dipole relations
which are necessary to account for the observed near-vanishing of the B(E1) values between low-lying bands of opposite parity in heavy nuclei [16] . The nonintegral effective cluster charge Z 2 (together with the corresponding effective Q value Q 0 ) is determined by averaging over a suitably weighted mixture of two clusters of the same mass A 2 and even charges Z 2 Z 2 Z 2 − 2 bracketing Z 2 [16] . This requires probabilities
We do not explicitly use the Q value to choose core and cluster, relying rather on the quality of fit to the spectrum. So, corecluster combinations satisfying the no-dipole constraint and giving a good fit to the 0 + , 2 + , . . . , 10 + energies are preferred over those with the largest Q values. We emphasize that in heavy, neutron-rich nuclei these are not one and the same, as they would be in light nuclei having N = Z where the no-dipole constraint is satisfied automatically.
The effective values replace the Z 2 and Q 0 of a single cluster theory. The remaining quantities required in our calculations can be determined from the cluster mass A 2 , for example, the nuclear core-cluster interaction using Eqs. (1)- (5), and the global quantum number G from
where g = 4 for clusters composed of nucleons belonging to the major shell Z = 50-82 and N = 82-126 corresponding to the rare-earth region of interest here [2] . For consistency we therefore reject cases like 144 56 Ba 88 where the indicated choice of cluster requires the breaking of this shell.
V. CALCULATIONS
We have applied the technique described here using the L π = 0 + (2)10 + states of the ground-state bands of all eveneven nuclei in the mass region 140 A T 200 for which the corresponding excitation energies E * L and B(E2) = B(E2 : 2 + → 0 + ) values are known [17] . For each nucleus we investigate an extensive range of cluster masses A 2 and potential radii R, covering the physical regions for these quantities, that is, A 2 = 6(2)24 and 4.0 R 8.0 fm (we note that for A 2 = 2 or 4 no sensible averaging over an even Z 2 as described here is possible). In the vast majority of cases we find a single clearly defined minimum of the fit parameter S of Eq. (7). In fact, the systematics of R are consistent with a ∼5% increase of the value of the potential depth to V 0 = 56.7 MeV for the case of A 2 = 6 only. With this small adjustment in the default values of our parameters we have the remarkable result that only a single local minimum of S exists in the range of A 2 and R given here. Good fits to the spectra are obtained using the optimal clusters of Table I, with typical results for the Hf isotopes shown in Fig. 1 . Preliminary results [17] . See text for discussion.
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Cluster Having determined optimal core-cluster decompositions we next focus on the relation between these results and the independent data on experimental B(E2)'s given in Table I [17]. The expression 
FIG. 2. Values of B(E2)/A
2 deduced from experimental data (full circles; see text for details). The solid line is a quadratic best fit to the data drawn to guide the eye.
is easily derived from a cluster model [18] , and Fig. 2 shows that the values of B(E2)/A
4/3
T and the charge products (Z 1 Z 2 /Z T ) 2 calculated from the optimal core-cluster decompositions of Table I are indeed strongly correlated. Although we do not quite obtain the expected linear plot, the slopes of the chords drawn between the origin and points on the curve at (Z 1 Z 2 /Z T ) 2 = 25.0 and 50.0 are rather similar and result in values of r 0 ∼ 1.42 and ∼1.32 fm, respectively, thus falling in a pleasingly physical range.
The calculated B(E2) values are in good agreement with measured values and are therefore predictions arising from the model. We can also predict energies and other properties of higher J states in all the nuclei we have examined here, at least up to the point where band-crossing may occur. We have successfully applied these ideas to describe and predict values for observables in isotopes of Ba [19] , Ce [20] , Nd [20] , and Yb [5] in the rare-earth region and of Po, Ra, Th, U, and Pu [21] in the actinide region.
In conclusion we have applied a cluster model to an extensive range of nuclei spanning the mass region 140 A T 200. We have used a mass-symmetric core-cluster potential, with parameter values taken from an earlier cluster model analysis involving a very different database [4] . Good fits to the spectra are obtained by optimizing the core-cluster decompositions and the corresponding values of the potential radius parameter R. The charge products deduced from these fits show the expected strong correlation with experimental B(E2)/A 4/3 T values. The cluster model is thus found to give a consistently good description of the properties of the ground-state bands of these nuclei.
